are obtained for the localizability of a Noetherian ring at a semiprime ideal S, particularly when S is the nil radical of R. In order to prove that a Noetherian ring R with nil radical N has an Artinian quotient ring, it is necessary to show that the set V(N) of elements regular modulo N forms an Ore set. In Section 2 we obtain several criteria for this (i.e., for the localizability of the semiprime ideal N), one of which is parallel to Small's theorem on quotient rings [ 181, and another of which states that @Y(N) is Ore if and a certain list of prime ideals consists entirely of minimal brimes. It is easily seen that R has an Artinian quotient ring if and only if 5??(N) is Ore and, in addition, Ass@,) consists entirely of minimal primes, so we obtain an analogue of the standard commutative result on quotient rings.
In order to prove that a Noetherian ring R with nil radical N has an Artinian quotient ring, it is necessary to show that the set V(N) of elements regular modulo N forms an Ore set. In Section 2 we obtain several criteria for this (i.e., for the localizability of the semiprime ideal N), one of which is parallel to Small's theorem on quotient rings [ 181, and another of which states that @Y(N) is Ore if and a certain list of prime ideals consists entirely of minimal brimes. It is easily seen that R has an Artinian quotient ring if and only if 5??(N) is Ore and, in addition, Ass@,) consists entirely of minimal primes, so we obtain an analogue of the standard commutative result on quotient rings.
Ginn and Moss [3] show that if R is Noetherian and has an Artinian quotient ring, then R is the product of an Artinian ring and a ring with zero socle. The analogous result for higher Krull dimension is easily seen to be false, even for semiprime rings. However, in Section 3 we show that if for a particular ring R with an Artinian quotient ring, the ring R/N has a decomposition into a factor of Krull dimension less than Q and a factor with no nonzero right ideals of Krull dimension less than a, then (given some standard ideal invariance and symmetry conditions involving Krull dimension) R has a similar decomposition.
In Section 4 we obtain a partial generalization of the results of Section 2, replacing the ideal N by an arbitrary semiprime ideal S such that S/N is localizable in R/N. The condition for S to be localizable involves the behavior of certain bimodules, and can be expressed as saying that a certain family of primes in R/S consists entirely of minimal primes. As a corollary, we obtain a condition for R to have a full quotient ring.
The criteria in this paper for the localizability of the nil radical IV, and later for an arbitrary semiprime ideal S, can be expressed as the requirement that a certain set of primes arising as associated primes of bimodules all be minimal primes (in R or in R/S). How useful such a criterion is depends on how easy it is in practice to verify that one has actually checked all the primes one needs to check. We have therefore attempted to make clear in each case that the criteria we use are finite, in that there are a finite number of bimodules whose associated primes must be checked, and we also indicate how such a list of bimodules may be found (Theorems 6 and 16).
The work reported in this paper was initially undertaken while the author was visiting at the University of Leeds in early 1977, when the work in Sections 1 and 2 (except for some terminological changes) was done. The work in Sections 3 and 4 was done in 1979. While it has long been clear that bimodules could be used to provide an obstruction to localizability (e.g., [8] ), only recently have situations been found when they can also be used to provide sufficient conditions for localizability, the best results being Muher's in [ 171. The author's work on localizability reported here overlaps with recent unpublished work of A. Jategaonkar, as is indicated in more detail in remarks in connection with Theorems 6 and 16.
Throughout this paper, R will be a ring with identity, and except in a few lemmas it will be Noetherian (on both sides). Since we are concerned throughout with classical localizations and quotient rings, we close this introduction by summarizing the basic facts about inverting the elements in a subset of a ring.
We recall that if R is a ring and C a subset, C is right Ore if, for all c E C and r E R, there are a c' E C and an r' E R such that CT' = TC'. Equivalently, we call an R-module A C-torsion if for all a E A, there is a c E C with UC = 0, and C is right Ore if for all c E C, R/CR is C-torsion.
A set C is right reversible if for r E R, the existence of an element c E C with CT = 0 implies there is a c' E C with rc' = 0. Let R be a ring and C a multiplicatively closed subset which is right Ore. Then (i) For any right R-module A, the subset t,-(A) = {a E A: ac = 0 for some c E C) is a submodule of A.
(ii) If R is right Noetherian, the right Ore set C is right reversible. (iii) If C is right reversible, then there is a localization RC-' and a natural map 4: R + RC-' whose kernel is t&RR) and whose cokernel is Ctorsion as a right R-module. For all c E C, $(c) is invertible in RC-', and every element of RC-' is of the form g(r) 4(c)-' for some r E R, and c E C. Furthermore, the map 4 is universal with respect to homomorphisms of R into rings which take the elements of C to invertible elements. RC-' is flat as a left R-module and the kernel of the localization map A + A @ RC ' (taking a to a @ 1) is t,(A).
Proof The first point is obvious, the second is a remark in [ 12, p. 10751 and the third is in [2, p. 4151 .
If C is a right and left Ore set in R, we call the ring RC ' a quotient ring for R if the natural map R -+ RC-' is injective, (i.e., if t&R,) = 0,) and a full quotient ring if, in addition C = Q(O), the set of all regular elements of R.
NOETHERIAN BIMODULES
If R and S are rings and R B, is an R-S bimodule, then B is a Noetherian bimodule if it is Noetherian on both sides (i.e., as a right S-module and as a left R-module). In our applications, we will start with a Noetherian ring R, and consider bimodules of the form I/J, where I and J are ideals of R and J<I.
These bimodules are clearly Noetherian and we refer to them as bimodules which are (bimodule) subfactors of R. It will sometimes be desirable to regard such a subfactor as a bimodule over other rings, for example, if B is a subfactor of R and NB = BN = 0, we may want to regard B as an R/N-R/N bimodule.
We make frequent use in what follows of Goldie's notion of reduced rank [ 11. If R is a Noetherian ring, we let N be the nil radical of R and Q the right quotient ring of R/N. If A is any right R-module, then, for some integer n, there is a sequence of submodules 0 = A,, < A, < ... < A, = A such that fot all i, AitlN < Ai. We let p(A) be the sum of the uniform ranks of the right Q-modules (Ai+ JAi) @ Q. It is an easy consequence of the flatness of Q over R/N and the Schreier refinement theorem that this is well defined. It is also clear that p(A,) = 0 if and only if A is Z(N)-torsion. For a bimodule RBS, where R and S are Noetherian, there are two reduced ranks, p(B,) and PCP B). (ii) If r(B) = P, where P is prime, then either B,, is nonsingular or there is a sub-bimodule D such that r(D) is a prime ideal properly containing P. Proof: Let X = {x i,...,x"} be a finite subset of B that generates B as a left module and as a right module. Since X generates B on the left, it follows that r(B) = ny= i r(xi). Hence, S/r(B) is isomorphic to a right submodule of a direct sum of n copies of B, and hence S/r(B) is right Noetherian. This proves (i). For (ii), we suppose that B,, is not nonsingular, and let T be its right singular submodule. By the same argument as above, S/r(T) is isomorphic to a right submodule of a finite direct sum of copies of T, and hence is singular over S/P. Now let D be a sub-bimodule of T whose right annihilator is maximal (among the right annihilators of nonzero submodules of 7). It is easy to see that r(D) is prime and properly contains P. Finally if the hypotheses of (iii) hold and D is a submodule essential on the left, and X is a subset which generates B on both sides, then there is a regular element c in R/E(B) such that cXg D. It follows that cB < D. Since B is left nonsingular, cB is right isomorphic to B, so p(cB,) =p(B,). It follows that dBlcB)s =/@/DA = 0.
DEFINITION (Jategaonkar) . If RBS is a Noetherian bimodule, B is a cell if (i) r(B) and e(B) are prime ideals, and (ii) every nonzero sub-bimodule is essential on both sides.
Lemma 2 implies that if B is a cell and the right and left annihilators are P and Q, then B is nonsingular as a left R/P and as a right S/Q-module, and also that given condition (i), condition (ii) holds on both sides if it holds on one.
If B is a Noetherian bimodule, it is clear from Lemma 2(ii) that we can bind a series of sub-bimodules 0 = B, < B, < ..a < B, = B such that Bi+ JB, is a cell (0 < i < n). Such a series of sub-bimodules is called a cellular series. The resulting factors B,+,/B, are by no means unique. However, the Schreier refinement theorem easily shows that the set of cells, whose left annihilators are minimal primes, are unique up to order and subisomorphism, and the same holds on the right. We will call these the left maximal cells of B and the right maximal cells of B, respectively. It is clear that there are no left maximal cells if and only if t&B) = 0.
We reiterate the important parts of these remarks as a lemma for emphasis.
LEMMA 3. Let RBS be a Noethrian bimodule and 0 = B, < B, < . . . < B,=BandO=Bb<B',(... < Bb, = B two cellular series of sub-bimodules. Let {C, ,..., C,} and {C; ,..., CL} be the factors of the Jrst and second series, respectively, which are left maximal cells. Then m = k, and after suitable renumbering we have r(C,) = r(C;), t(C,) = t(C:), and there are subbimodules Di Q Ci, 0; < C; which are essential on each side, and such that Di 2 D{, 1 < i < m. In particular, the primes r(Ci) (1 < i < m) are uniquely determined independently of the choice of cellular series.
To require that the primes r(C,) be minimal primes, in the above lemma, is the same as requiring that the left maximal cells of B be right maximal. Most of the localization criteria of this paper can be expressed as the condition that, for certain bimodules, the cells which are maximal on one side be maximal on the other. The remaining two lemmas of this section are technical results giving conditions on a bimodule which imply or are equivalent to this condition (that left maximal cells are right maximal.) LEMMA 4. Let RBS be a Noetherian bimodule and suppose that R is left Noetherian and semiprime, and that B is left nonsingular (or, equivalently, As&B) consists exclusively of minimal primes.) Then there is a cellular series O=B, cB, < . . . <B, = B such that for all i (O<i < n), either t(Bi+,/Bi) is a minimal prime, or r(Bi+,/Bi) is not a minimal prime.
(Equivalently, all of the right maximal cells of B are left maximal.)
Proof We choose a series of sub-bimodules 0 = D, < D, c . . . c D, = B such that BIDi is left nonsingular, and every sub-bimodule of Di+ ,/Di is left essential (0 < i < n). The bimodules Di+ ,/Di are not necessarily cells, because we do not know enough about their structure on the right. However, Lemma 2(iii) implies that if we take a cellular series for Di+,/Di, the first cell (starting from the bottom) will have a minimal prime as its left annihilator, and the rest will have zero right reduced rank-that is, their right annihilators will be nonminimal primes. This proves Lemma 4.
LEMMA 5. Let RBS be a Noetherian bimodule, where R and S are left and right Noetherian, respectively, but B is not assumed to be faithful on either side, and let N and M be the nil radicals of R and S. Then the following four conditions on B are equivalent. (ii) If B' is a bimodule subfactor of B and t'(B') = P and r(B') = Q are prime ideals in R and S, and B' is nonsingular as a left R/P and as a right S/Q-module, and IY Q is minimal, then so is P.
(iii) Every R/N-S/N bimodule which is a (bimodule) subfactor of B and which is left singular (over R/N) is also right singular.
(iv) There is a series of sub-bimodules 0 = B, < B, < . .. < B, = B satisfying (a) NB,, , , < Bi (0 < i < n) and (b) for each i, Bi+ ,/B, as a left R/N module is either singular or nonsingular, such that for each i such that Bi, ,/B, is singular on the left, p(Bi+ ,IBi), = 0.
Proof: Assuming (i), we prove (ii) by noticing that if we take a cellular series for B', at least one right maximal cell must arise, but no left maximal cells could arise if P were not minimal. Of course, (i) is trivially a special case of (ii). To prove (iii), note that such a bimodule has no left maximal cells, and so, if (i) holds, must have no right maximal cells, so it has zero right reduced rank, and hence is right singular as an S/M-module. If (iii) holds, then again it is trivial that (i) holds, so we now need to show that (i) and (iv) are equivalent.
We suppose that (i) holds and that we have a series of sub-bimodules of B satisfying conditions (a) and (b) of (iv). (These always exist.) Suppose that Bi+ JBi is a factor which is singular as a leftk/N-module.
Then in a cellular series for B,+,/B,, none of the cells can be left maximal, and hence by (i), none will be right maximal. Hence, p(Bi+ ,/Bi)s = 0. Conversely, if there is a particular series of sub-bimodules of B satisfying the conclusions of (iv), then we must show that (i) holds. Refining the given series into a cellular series, we see that no left maximal cells arise from factors Bi+ */Bi which are left singular (over R/N), and Lemma 4 implies that the left maximal cells arising from the other factors are right maximal. This proves that (iv) implies (i) and completes the proof of Lemma 5.
LOCALIZING AT NAND ARTINIAN QUOTIENT RINGS
A commutative Noetherian ring has an Artinian quotient ring if and only if all of its associated primes are minimal. This study began with the attempt to find a noncommutative theorem which was appropriately parallel to this one, and which reduced to this in the commutative case. In 1977, the author found a criterion concerning associated primes which was equivalent to the existence of a two-sided artinian quotient ring for two-sided Noetherian rings (Theorem 9 below). The result was extremely one-sided, and obviously not the right result, and so was not published; but it was the first criterion which reduced the quotient ring problem to the minimality of a specific computable finite set of primes. (An earlier result relating quotient rings and the minimality of certain primes appears in [20] .) In this section we give a more relined analysis of the same question. We let R be a Noetherian ring and N its nil radical. We let V(N) be the set of elements of R which are regular module N. We first seek conditions guaranteeing that F(N) is a left or right Ore set. This is equivalent to looking for conditions to guarantee that the well-known quotient ring for R/N extends to a localization for R itself. We obtain necessary and sufficient conditions for this. Appropriately, the conditions are vacuously verilied in the commutative case, and one version can be expressed as the requirement that a certain (finite) set of primes be minimal. We then see that the existence of an Artinian quotient ring is equivalent to the requirement that Q(N) be right Ore (trivial in the commutative case) plus the condition that the associated primes be minimal.
We recall that for any right module M, an ideal I is associated to M if there is a submodule N ,< M, N # 0, such that for all nonzero submodules N' of N, I = Ann(N'). It is easy to see that I is a prime ideal. The set of associated primes is denoted Ass(M). If B is an R-S bimodule, we have two sets of associated primes, Ass(,B) and Ass(B,). Remark.
The equivalence of (i) and (ii) is the analogue in this situation of Small's theorem [ 19, 11 . Lemma 5 contains three other conditions equivalent to (iii). Note that (iii) is a finite criterion in that it gives a specific finite set of primes to check.
ProoJ We first remark that there is an analogue of the pseudo-Ore condition (as in [4,2.5] ): if r E R and c E q';(O), there is a c' E V(N) with UC' E CR. This is an immediate consequence of the fact that p(R/cR) = 0. This shows immediately that (ii) implies (i).
We next recall that if B(N) is right Ore, then so is its image in any factor ring R/I, and by Lemma 1, (ii), the image of @Y(N) in R/I is also right reversible. Hence, if B is an R-R bimodule which is a subfactor of R, and if B is right 'Z(N)-torsion-free then B is also left Q(N)-torsion-free. This immediately implies condition (iii).
We must now show that (iii) implies (ii). We suppose that (ii) is false, so that there is a c E g(N), c @ Ok(O), so that p(r(c)) > 0. We use the chain of ideals r(N') and find an integer k such that r(c) n r(Nkt ') has larger reduced rank (on the right) than r(c) n r(iVk). Proof: The condition is clearly necessary. If it were to hold without E(N) being left Ore, then by Theorem 6, F(N) # 'q*(O), so there would be a c E g(N) with e(c) # 0. This is impossible, since the condition on Ass R, implies that tVCNj(RR) = 0. Hence we get a two-sided localization, and its kernel is zero, again because of the condition on Ass R,.
Remark. Jategaonkar has obtained independently a result similar to Corollary 7-that if R is Noetherian, Ass(R,) consists of minimal primes, and R satisfies condition (iii) of Theorem 6 and the corresponding condition with left and right reversed, then R has an Artinian quotient ring. COROLLARY 8. A Noetherian semiprime ring S has the property that for all Noetherian rings R with prime radical N and R/N E S, N is a localizable semiprime ideal, tf and only if there is no S-S bimodule,Jinitely generated on each side, which is singular on one side and nonsingular on the other.
Proof Theorem 6 and Lemma 5. Remark. This result was proved by the author in 1977, and an alternative proof has been given in [5] .
Proof The condition is clearly necessary. Conversely, using the sequence of ideals r(Nk), the condition shows that the successive factors are all nonsingular on the left; so Lemma 5 and Theorem 6 show that Q(N) is right Ore. The result now follows from Corollary 7.
There is some redundancy in this result, in that to show G?(N) is right Ore, it is not in fact necessary that the primes in Ass(RR/r(Nk)) should all be minimal. The result might suggest that in general the primes in the list arising from Theorem 6(iii) (the left annihilators of right maximal cells) might all appear among those of AssLR/r(Nk)) (for various k) but this also is false, as the following example shows. Let A = (;", f ), I = M,(2Z), and R=(A, ;$ ). Let S be the socle of R, which is also a minimal prime with R/S EA. Let M be the other minimal prime and P and Q the two primes corresponding to the primes in A minimal over I. Then while the set of left annihilators of the right maximal cells is (P, Q, S, M).
DECOMPOSITIONS OF RINGS WITH ARTINIAN QUOTIENT RINGS
In this section we give conditions for a Noetherian ring with an Artinian quotient ring to be a product of rings which are homogeneous with respect to Krull dimension, and we remark how the ideas of this paper can be used to give yet another proof of the converse result-that a Noetherian ring which is homogeneous has an Artinian quotient ring. As is usual when working with Krull dimension, we find it necessary to introduce some additional hypotheses. These hypotheses, as usual, have the frustrating feature that they are rather diverse, and yet there are no known examples in which any of them fail to hold.
We use the notion of (noncommutative) Krull dimension, as in 171, and if R B, is a Noetherian bimodule, we use 1 B 1,. to denote the Krull dimension of B as a right S-module, and 1 B II to denote the Krull dimension of B as a left R-module. We will generally use the following hypotheses on a ring R: K,(a): If P is a prime ideal, then IR/PI, < a if and only if IR/PI, < a. K,(a): If P is a prime ideal and 1 R/PI, < a and T is an ideal, then I TIPTI, < a. The condition that K,(a) should hold for all a was introduced by the author in unpublished 1977 notes, and has been used in [9] (where it is called "right prime ideal invariance") and [21] (where it is called "condition ($)".) No Noetherian rings are known which fail to satisfy these conditions for all a, but the only value of a for which they are known to be true is a = 1.
(Condition K,(l) follows from Wedderburn's theorem and K,(l) is an important result of Lenagan [ 131.) For any ordinal a there is an ideal S,(R) such that IS,(R)I, ( a and every nonzero right ideal of R/S,(R) has Krull dimension >a. We want conditions to guarantee that there is a central idempotent e of R such that S,(R) = eR, or, equivalently, for R to be a product R, x R,, where 1 R, Ir < (L and S,(R,) = 0. THEOREM 10. Let R be a Noetherian ring with nil radical N and a an ordinal such that R satisfies hypothesis B(a), and suppose that R has an Artinian quotient ring. Then R has a product decomposition R = R 1 x R, with I R , II < a and S,(R *) = 0 tf and only tf the same conclusion holds for R/N.
Remark. Since B(1) holds for all Noetherian rings, and every semiprime right Goldie ring is the product of a right Artinian ring and a ring with trivial right socle, this result contains the theorem of Ginn and Moss [3] that a Noetherian ring with an Artinian quotient ring is a product of an Artinian ring and a ring with a trivial socle. Proof. The first statement follows from the fact that a homomorphic image of a module of Krull dimension less than a has Krull dimension less than a, and the fact that as a right R-module, R is a finite extension of finitely generated modules annihilated by N. Statement (ii) was proved by Lenagan for fully bounded rings in [ 141, and by the author, using a simular argument, in general in his unpublished 1977 notes. However, Stafford's approach to similar results in [21] seems more natural, so we refer to [21, 3.21 , for the proof that (R/PI,> a for all minimal primes P, noting that for a given a, K,(a) can be used instead of what he calls (I), and that every minimal prime is affiliated. Finally, if R has a classical quotient ring and S,(R) # 0, then there is a P E Ass(R,) such that I R/PI, < a. (This follows from Lemma 2 and the fact that a finitely generated nonzero, nonsingular R/P-module has the same Krull dimension as R/P.) Since R has a classical quotient ring, P must be minimal, so P E Ass(R/N),), and S,(R/N) # 0.
Proof of Theorem 10. We first suppose that R = R, x R,, where S,(R ,) = R , and S,(R J = 0. Then we get an induced decomposition of R/N, and parts (i) and (ii) of Lemma 11 show that this decomposition of R/N is of the desired type.
We then suppose that e is an idempotent of R such that its image 4 in R/N is central, and (@(R/N)/, < a while S,(( 1 -F) R/N) = 0. We will show by induction on p(N,) that e is central and that eR = S,(R). If either e or 1 -e is 0, then parts (i) and (iii) of Lemma 11 show that this is correct. We assume then that e # 0, and part (ii) of Lemma 11 shows that S,(R) f 0. If S,(R) f3 N = 0, then the result is trivial, so we assume not. Let P E Ass(S,(R)n N). We claim that t!(P) is nonsingular as a right R/Pmodule. If not, Lemma 2 implies that l'(P) contains a right ideal I with r(Z)
properly containing P, which violates the condition that Ass(R,) consists entirely of minimal primes (since R has an Artinian quotient ring). Let B = P(P) n N n r(N).
Clearly, B # 0. We claim that R/B also has an Artinian quotient ring, so that by induction (on p(N)) we may assume the theorem is true for R/B. To see this, one checks that if Q is the quotient ring for R, then tJP) (the left annihilator of P in Q) and ra(N) are both ideals of Q, and that t,(P)n R = t(P), r,(N) n R = r(N), and nil(Q) n R = N. It follows that if We have shown that eR is an ideal, so to complete the proof, we need only show that (1 -e) R is a left ideal, where we know by induction that (1 -e) R + B is an ideal. To show this we must show that there are no right homomorphisms (1 -e) R + B. Just as before, this follows immediately from the fact that such a homomorphism would yield a nonzero homomorphism of right modules (1 -F)(R/N) + B.
DEFINITION.
A ring R is said to be (right) K-homogeneous if it has right Krull dimension and for every nonzero right ideal Z, (II = (R jr. COROLLARY 12. Zf R is a Noetherian ring satisfying condition B(a) for all a, such that R has an Artinian quotient ring and R/N is a product of Khomogeneous rings, then R is a product of K-homogeneous rings.
Remark. Conversely, if R is Noetherian and satisfies K,(a) for all a, and is K-homogeneous, then R has an Artinian quotient ring, as was shown for fully bounded rings by Gordon [6] , right fully bounded rings by Lenagan Proof: According to Theorem 6, it suffices to consider a bimodule B which is a subfactor of R, such that t(B) = P and r(B) = Q are both primes, and P not minimal, and show Q is not minimal. Condition K,(a) shows jB lr < CL, and since B,, is nonsingular, /B/r = (R/Q/,. Lemma 11, part (ii), implies that Q is not minimal. COROLLARY 14. Zf R is a Noetherian ring which is K-homogeneous and satisfies K,(a), where a = IR I,., then R has an Artinian quotient ring.
Proof
Theorem 13 and Corollary 7. It follows, of course, that if a Noetherian ring satisfies K,(a) for all a and is a product of K-homogeneous rings, then it has an Artinian quotient ring. In [5] , Goldie and Krause find a condition which can be thought of as a weakening of this condition and which (in the presence of hypothesis B(a) for all a) is equivalent to the existence of an Artinian quotient ring.
SEMIPRIME IDEALS LOCALIZABLE MODULO THE RADICAL
We recall (from [4] ) that for any ideal Z of R, we let 5?'(Z) = (c E R: c + Z is regular in R/Z}.
A semiprime ideal S of the right Noetherian ring R is localizable if q(S) is a right and left Ore set, and right localizable if Q(S) is a right Ore set. If S is a right localizable semiprime ideal, then the localization is usually denoted R, and is a semilocal ring with Jacobson radical SR,, and RJSR, can be identified with the (Goldie) right quotient ring of R/S.
In this section we consider a Noetherian ring R with nil radical N and a semiprime ideal S such that S/N is localizable in R/N and seek conditions for S to be localizable or right localizable. Since N itself has this property, this problem is a generalization of the problem considered in Section 2.
Whether or not it is reasonable to use localizability modulo N as a condition on a semiprime ideal S depends on what localization problem one is considering. Our interest in this condition stems from examples which arise in the study of full quotient rings. In [21, 4.11 Stafford shows that for a Noetherian ring R satisfying some (possibly redundant) ideal invariance conditions, there is a finite set X of primes such that g(O) = nPEx q(P). For these rings, therefore, the problem of the existence of a full quotient ring is contained in the general problem of localizing at a finite set of primes. As is shown, for example, in [ 18, Lemma 31, if X is a finite set of primes and S is the intersection of those primes maximal in X, then the set n,,, U(P) is a (right) Ore set if and only if S is (right) localizable, in which case w3 = n PEx 'T(P) For these rings, therefore, the existence of a full quotient ring is equivalent to the localizability of a particular semiprime ideal. For the examples which arise naturally in this connection, it is frequently clear that S/N is localizable.
LEMMA 15. Let R be a ring, P a prime ideal of R such that R/P is right Goldie, and S a semiprime ideal of R such that R/S is right Goldie, and q'(S) is a right Ore set. Then R/P is q(S)-torsion-free if P is contained in any of the primes minimal over S, and otherwise R/P is q(S)-torsion.
Proof
If P is contained in a prime Q which is minimal over S, then R/Q is q(S)-torsion-free, so since R/Q is a homomorphic image of R/P, R/P cannot be q(S)-torsion. If R/P were not g(S)-torsion-free, then t,,,,(R/P) would be an ideal of R/P, hence essential, and hence would contain an isomorphic copy of R/P. Since this would make R/P V(S)-torsion, which it is not, we conclude that RIP is V(S)-torsion-free.
Conversely, if P is not contained in any prime minimal over S, then (P + S)/S is essential in R/S and hence contains a regular element of R/S. It follows that P contains an element of g(S), so R/P is q(S)-torsion. where Ai = L,/L,S. Therefore, we have reduced our problem to showing that AJcA, is (right) F(S)-torsion. We choose a cellular series for A, and let B be a cell arising from this series. It will suffice to show that B/cB is g(S)-torsion. Since B is a right R/S-module, it is clear that B itself is already right Q(S)-torsion unless its right annihilator is a prime minimal over S. It therefore suffices to consider a right maximal cell of the bimodule R(Ai)R,S, that is, one whose right annihilator is minimal over S. We are at last ready to use hypothesis (iii). We infer from (iii) that RB is 'F(S)-torsion-free. This means that left multiplication by c is injective. Since B,,, is finitely generated and nonsingular, the fact that CB E B implies that B/cB is singular as an R/Smodule. This is precisely what we needed to prove, so we have shown that (iii) implies (i). This follows from Theorem 17 and [ 18, Lemma 31. We call that in [21] it is shown that for many Noetherian rings, V(0) has this form. , and let R = (T r ). Let P' be the prime ideal of T defined by P' = (x, y)/(xy. x2) and let P and Q be the prime ideals of R defined by P=(% ,';), Q=(i F). Then if S=PnQ, we have F(O) = q(S). There is an obvious cellular series of length four, in which all of the factors are 'Z(S)-torsion-free on each side. If we let B = (i r), then the bimodule BIBS demonstrates that (Z(S) is not right Ore (using Theorem 16) since BIBS is right g(S)-torsion-free but left V(S)-torsion.
Given a semiprime Noetherian ring T and a finite set X of prime ideals in T, it is easy to construct a Noetherian ring R with R/N z T such that this set X corresponds to the primes in R which we need to localize at in order to get a full quotient ring. From this it is easy to give examples in which there is no full quotient ring. It is also easy to construct examples in which @Z(O) = nPEx SF(P) and in which even though this set is not Ore, there is a larger finite set Y of primes such that n,,, F(P) is Ore, so that R has a semilocal ring of quotients, even though it is not a full quotient ring. The following example shows that even this is not always possible.
EXAMPLE.
A noetherian ring which is not semilocal in which if G is an Ore set satisfying 5??(O) > G > U, where U is the set of units of R, then G= U. This example is based on an idea of Miiller [ 15, p. 6091 . We begin by considering the automorphism u of the complex polynomial ring C[x] which takes x to x + 1. The powers of 0 take the ideal (x) to the ideals (x + n), n E 2. We invert all other primes in C[x], thus obtaining a principal ideal domain D with an automorphism cr which transitively permutes the primes of D. We now let A = D @D, where the ring multiplication is defined by (a, b)(a', b') = ( aa', ab' + @a') b). If M = (0) @D is the nil radical of A, then M/(x + n) M is a bimodule, left isomorphic to D/(x + n) D and right isomorphic to D/(x + n -1) D. An easy argument using the right and left reversibility of an Ore set shows that although @7(M) is an Ore set in A, there is no Ore set properly contained between g(M) and the group of units of A. Finally, we let R = (", "$ ), where C is the field of complex numbers, and A acts on D/xD by way of the natural map A + A/M z D. If P' is the ideal of A which is the inverse image of XD under this map, P = (',' "I$'), and Q = ("0 "I,"" ), then V(O) = g(P)n P(Q). Not only is this not an Ore set, but g(O) contains no Ore set properly containing the group of units.
